We establish some strong sufficient conditions such that the inequality f 4 (x, y, z) ≥ 0 holds for any real numbers x, y, z, where f 4 (x, y, z) is a cyclic homogeneous polynomial of degree four. In addition, we give a conjecture which states some new necessary and sufficient conditions such that the inequality f 4 (x, y, z) ≥ 0 holds for any real numbers x, y, z. Several applications are given to show the effectiveness of the proposed method.
Introduction
Consider the fourth degree cyclic homogeneous polynomial
where A, B, C, D are real constants, and ∑ denotes a cyclic sum over x, y and z. The following theorem expresses the necessary and sufficient conditions that the inequality f 4 (x, y, z) ≥ 0 holds for any real numbers x, y, z in the particular case when f 4 (1, 1, 1) = 0 (see [2] and [3] ). Using this theorem, we established in [2] the following corollary which gives some sufficient conditions that the inequality f 4 (x, y, z) ≥ 0 holds for any real numbers x, y, z.
holds for all real numbers x, y, z.
These results are extended and improved in [4] by the following two theorems, which state necessary and sufficient conditions that the inequality f 4 (x, y, z) ≥ 0 holds for any real numbers x, y, z.
Theorem 1.2. The inequality
holds for all real numbers x, y, z if and only if
for all real t, where k ∈ [0, 1) is a root of the equation 
Note that in the special case f 4 (1, 1, 1) = 0, when The following propositions in [4] give the equality cases of the inequality 
and t ∈ R is a root of the equation
becomes an equality if and only if x, y, z satisfy
and are proportional to the real roots w 1 , w 2 and w 3 of the equation
where t is any double nonnegative real root of the polynomial g 4 (t) in Theorem 1.3.
In the special cases 1 + A + B + C + D = 0 and C = D, from Proposition 1.2 we get the following corollaries. 
For F > 0, the inequality f 4 (x, y, z) ≥ 0 becomes an equality when x = y = z, and also when x, y, z satisfy
and are proportional to the roots w 1 , w 2 and w 3 of the polynomial equation 
Main Results
Let us denote
The following theorem states some very strong sufficient conditions that the inequality
holds for all real numbers x, y, z. 
and
that is, when
and hence
and k < −1, we have √ 3t + 2k − 1 < 3 + 2k − 1 = 2(k + 1) < 0, and for t ∈ (− √ 3, √ 3) and k ≥ 2, we have 
which does not hold for x = −1 and y = z = 1, but
Based on these observations, we propose the following conjecture. 
Conjecture 2.1. Except for the case where
from Conjecture 2.1 we can get Theorem 1.1. To prove this, we only need to show that if there exists a real number t ∈ (− √ 3, √ 3) such that f (t) ≥ 0, then f (0) ≥ 0. There are two cases to consider. Case 1: 5 + A + 2C + 2D ≥ 0. Clearly, the above assertion is true, since
Case 2: 5 + A + 2C + 2D < 0. It suffices to show that there exists not a real number
Remark 2.4. In order to prove a cyclic homogeneous polynomial inequality of degree four, we can use one of Theorems 1.2, 1.3 or 2.1. In our opinion (based on the applications in section 4), the simplest way is to apply Theorem 2.1, while the most difficult way is to apply Theorem 1.2. However, from Theorem 2.1 and its proof in section 3, we can not find simpler conditions of equality than those in Proposition 1.2, which were established in [4] using Theorem 1.3 and its proof.
Proof of Theorem 2.1
Notice that the condition (a) in Theorem 2.1 is equivalent to the necessary condition
The main idea of the proof is to find a sharper cyclic homogeneous inequality of degree four
According to Theorem 1.1, this inequality holds for all real numbers x, y, z if and only if
We can writef 4 (x, y, z) in the form This condition is true since
Thus, the proof is completed.
